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Fig. 3 Reduced pressure coefficient at NACA 0012 profile at in-
cidence.

For evaluating the solution, Eq. (15), it is. necessary to
compute the integral part of UA given by Eq. (9), which con-
tains a double integral over the known function U~. To find
an approximate value of the double integral we make the sub-
stitution

-2 (20)

where b(x) is an unknown parameter to be determined by the
irrotationality condition. A similar substitution has been
previously used by many authors2 and is known to be a good
one. Substituting Eq. (20) in Eq. (9), carrying out the in-
dicated integration with respect to 77, and noting the ob-
servations made therein2 we get

UA=(U-
where

)2/2-\'
JO

(21)

—— (5-10X2 + X4) \X\

12

-(l-10X2 + 5X4)\n\X\

(25-71X2-X4-X6) (22)

For performing the integration in Eq. (21), Simpson's one
third rule has been used, the singularities at £ =X, 0, and 1 ap-
propriately being taken care of.

The reduced pressure coefficient CP=-2U(X,0) for a
parabolic arc profile at small incidence has been computed by
the preceding method and compared with theoretical results7

and with the experimental results of Knechtel10 in Figs. 1 and
2, respectively, for subcritical and supercritical flow. From
the figures, it is apparent that the present solution agree well
with the experimental results. It should be mentioned that the
agreement of the present solution with the experimental
results of Knechtel for a parabolic arc profile at an incidence
of 4° is particularly noteworthy (Fig. 2). The reduced pressure
coefficients for NACA 0012 profile for different freestream
Mach number M^ and angle of incidence e have been presen-
ted in Figs. 3 and 4, where Fig. 4 shows a supercritical finite
difference solution of the integral equation by Norstrud.6 The
agreements are excellent. Thus it appears that the present
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Fig. 4 Reduced pressure coefficient at NACA 0012 profile at non-
zero incidence.

solution is capable of delivering satisfactory results at a very
low expenditure of labor. To compute one example of a lifting
profile by this method takes only 5 minutes on an IBM 1130
electronic digital computer.
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Mean-Square Response of Beams to
Nonstationary Random Excitation
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Introduction
^HBRATION of elastic structures to random loads is of

T considerable interest to the design engineer. The early
study of the response of beams and plates to random ex-
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citation has been carried out by Eringen1 and Samuel and
Eringen.2 But during the past decade, several authors have
contributed in the field of random vibration of mechanical
systems.3 Free vibration of stochastic beam has been con-
sidered by Hoshiya and Shah.4 Most of this early work has
been confined to stationary processes because of their relative
mathematical simplicity. More recently, attention is being
paid to determine the response of mechanical systems to non-
stationary random excitation. Holman and Hart5 studied the
response of a first-order system to a special type of random
loading, namely, a segmented nonstationary random ex-
citation. Barnoski and Maurer6 considered a second-order
system which was also considered by Bucciarelli and Kuo7

but, in the latter case, the authors derived quite simplified ex-
pressions by assuming light damping in the system.

In the present work the response of an elastic beam under
nonstationary random loading has been studied. Following
arguments similar to that of Bucciarelli and Kuo,7 the ex-
pression for the mean-square response of the beam has been
greatly simplified. Some specific examples using a simply sup-
ported beam have been provided and the results plotted.

Basic Equation
According to the Euler-Bernoulli theory, the transverse

vibration of an elastic beam is governed by the following
equation

where

t) (1)

where u(x,t) = transverse deflection, £' = Young's Modulus,
/ = moment of inertia of beam cross-section, p — mass/unit
length, C = damping coefficient/unit length, and /
(x,t) = forcing function.

We assume a series solution of the form

u(x, /)= (2)

where 4>n (x) are the normal modes of the natural vibration of
the beam. Substituting Eq. (2) into Eq. (1), and taking inner
product with 4>m(x), noting that

we obtain

where

(3)

(4)

and (<t>m l/> denotes the inner product; m - 1, 2, 3, ....
The nonstationary forcing function is assumed to be

separable in the following form

f(x,t)=F(x)G(t)g(t) (5)

where G(t) is a deterministic "slowly varying" function of
time and g(t) is a stationary random function with zero mean.
It should be noted that under these assumptions, f(x, t)
becomes a nonstationary random forcing function.

Equation (4) now becomes

PM.

Equation (3) may be rewritten as

(6)

(7)

u2
m=EI. X</p

(8)

(9)

(10)

The general solution of Eq. (7) can be obtained by means of
DuhamePs integral. Assuming the system to be at rest
initially, i .e., A m = 0 for t < 0, we obtain

(11)xsintim(t-t])G(t])g(t]) dtl

where Ow = cow (7 - £2
m)I/2. Substituting Eq.(l l)into Eq>(2) we

obtain

u(x, t)= >

X Sin (12)

The mean-square response at any point of the beam, which is
the expected value of u(x, t)°u(x, t) may be written as

E[u2(x, t ) ] =

E[Am(t,)An(t2)} (13)

Since G(t) is a well-defined deterministic function, the ex-
pected value of A m(t) is

oLmoin r r* _ • _ - .
1 ." 2 GmQn Jo Jo m ]

)<e- f t< f^ )sinO^(/- / 2 )G(/ / )G(/ 2 )£[^(r / )^( / 2 )^;£/ / 2 (14)

where

£.[£(';)£('2) 1 =jR(*; ~ ^2) = autocorrelation function of g(t)
(15)

Hence the mean-square response at any point along the beam
length and at any instant of time /, is given by

E[u2(x, /)]= am(*n<t>m(x)<t>n(x)

0 J0

x sin tin(t- t2)G(t1)G(t2)R(t1 - t2)dt1dt2^ (16)

With the boundary conditions specified and for given
autocorrelation function, the mean-square respoiise may be
evaluated. However, the task for evaluation could be con-
siderable and, under certain assumptions, Eq. (16) may be
greatly simplified to obtain approximate mean-square re-
sponse of the beam.

Approximate Mean-Square Response
For very light damping, the idea of normal modes may be

applied. According to this, the terms contributing most to the
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mean square response are those for which m = n. Thus, Eq.
(16) may be simplified to

i t f
0 J o m l

xsin Qm(t-t2)G(t1)G(t2)R(t1-t2)dt][dt2'^ (17)

It should be noted that the terms of Eq. (17) vary inversely
with &2

m which, again for light damping, indicates the con-
tribution of higher terms to be small compared to that of the
first. Finally, Eq. (17) may be simplified to yield

E[u2(x, 01 =
0?

xsinQ1(t-t2)G(t1)G(t2)R(t'1-t2)dt1dt2

Response of a Simply Supported Beam to
Shaped White Noise

The autocorrelation function is defined as

(18)

(19)

For a simply supported beam

<t>mW = sm rmrx/L; \m = rmr/L; u>m = (rmr/L)2(EI/p) v-

(20)

If the force G(t) is applied at a point x = a on the beam, then

rmraf L rmrx rmrc
<<t>m(x) \F(x)> = sin ——- d(x-a)dx = sin ——-

J o L, L,

and

Hence

rmrx rmrx
~~~ s i n ~~

rmra
(21)

Substituting Eqs. (19-21) into Eq. (17), we obtain

Z7r 2( \^ 4sin 2(rmra/L) sin2 (rmrx/L)

(' e-
J o

(22)

For light damping and G(f) being a slowly varying function,
we can use similar arguments as that in Ref. 7 for simplifying
Eq. (22) to yield

E{u(x' 0] = 4TrS0sm2(rmra/L)sm2(rmrx/L)——
{' e-
Jo

(23)
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Fig. 1 Mean-square response—unit step x white noise input.
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Fig. 2 Mean-square response—exponentially decay function x
white noise input.

1) If G(t) is taken as a unit step, the mean-square response
from Eq. (23) is

E[u2(x, t)]

^ 2irS0sin2(rmra/L)sin2(rmrx/L) _m

^ ~e (24)

Nondimensional form of Eq. (24) is

01

(25)

where a'=a/L, x'—xlL3 and T=o)jt. The mean-square
response [Eq. (25)] has been plotted in Fig. 1.

2) If G(t) is taken to be an exponentially decaying func-
tion, i.e., G(t) = e~^ where j3 is not allowed to be too large so
that G(f) remains slowly varying, then

E[u2(x,

(e-2Bt_e-2B) (26)

Again the nondimensional form would be

E[u2(r)]=E[u2(x, t)}

'sin2

://[£
L— »»,_ / (27)
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Fig. 3 Mean-square response—unit step x narrow band input.

Equation (27) has been plotted in Fig. 2 for various values of
0.

Response of a Simply Supported Beam
to Shaped Narrow Band Excitation

We assume that for nth mode the correlation function is of
the form

Unit step: if we take G(t) to be a unit step, Eq. (31) reduces

n = l

COS Wn(t!-t3 (28)

where Wm is the center frequency of the exponentially
decaying harmonic function.

From Eqs. (17, 20, 21, and 28) we obtain
oo oo 4sin 2(m ira/L) sin 2(m icx/L)

,t) = E E F
n = l m = 7 L

x l I exp -*'-'/> sinGOT(/-f7)exp-*<'-'2>
J 0 V 0

(29)

We assume that the center frequency of the excitation band
coincides with the damped natural frequency of the mth
mode, i.e., Qw = Wm. Again, following the argument of Buc-
ciarelli and Kuo7 for light damping, Eq. (29) may be reduced
to
E[u2(xt)]= T r 4Rm$™2(™™/L)sm2(rnTcx/L) _2

xps<'/+'2> exp-o'"/-';?" G{tI)G(t2)dtldt2]J (3Q)

For nondimensional form of mean-square response, we may
write

E[u2(t)]=E[u2(x,t)]

4Rrnsin2tmra'sin2rmrx' ~\,
=e~Bt \ \ eB(ti+t2)

JO JO

xe-a]ti-(2\G(t])G(t2)dt]dt2

to

2 £ - (

2%/r —i^r]B(B-a)
(32)

For the special case a=B,\ve can use L'HospitaPs rule on the
indeterminate forms of Eq. (32). Thus

(31)

(33)

The mean-square response represented by Eq. (32) has been
shown graphically in Fig. 3 for various values of a.

Conclusion
The analysis for the mean-square response becomes sim-

plified considerably under the assumptions of light damping
and the envelope function G(t) being slowly varying. The
mean-square response reduces to a product of a series sum-
mation dependent on x and a time-dependent part, the latter
being due to the nonstationary nature of the input force. A
numerical check will show that the first term of the series sum-
mation is dominant compared to the rest and this sim-
plification would be of premium to design engineers.
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